can be thrown into passive, regular form provided the integrability conditions x + +°a re identically satisfied in 46, a. This type includes the equations of Maurer as a special case.
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2 Les Systemes d'Equations aux Derive'es Partielles, Paris (1910) . 3 Konig, J., Math. Ann., 23, 520-526 (1884) . 4 Thomas, J. M., "Riquier's Existence Theorems," Ann. Math., 2, 30, 306 (1929) . 5 Cartan, E., Ann. Ec. Norm., 3, 18, 260 (1901) ; Goursat, ProblPme de Pfaff, Paris, 365-373 (1922 1. The notion of metrically transitive systems, which. has come to play a significant r6le in modern dynamical theory through the work of Koopman, von Neumann, Hopf and Birkhoff was first introduced by G. D. Birkhoff and P. A. Smith,2 who gave an elementary example.' A metrically transitive transformation will be defined as follows.4 Let Q be a manifold in n-dimensional space of Lebesgue measure m(Q) and let T(P) denote some one-to-one transformation which carries every point P of Q into some point T(P) of D. This transformation will be called metrically transitive if every set S of points of Q which remains invariant under T is either of Lebesgue measure 0 or of Lebesgue measure m(Q).
In a recent investigation of geodesics on closed surfaces of negative curvature Professor G. D. Birkhoff was led to a certain fundamental transformation whose metrical transitivity seemed likely. I have been able to establish the validity of this conjecture. Since this transformation is of some interest apart from its origin, it will be considered here on its own merits.
2. Let ... a-2 a-1 ao a, a2 ... denote some sequence of the real numbers 0, 1, 2, ..., 9. The symbol ... a-2 a-, * ao al a2 ..., where a dot has been inserted between two consecutive numbers of the sequence, may be represented by the point (x, y), where x = . ao a, a2 ..., y = .a-I a-2 .... Thus our manifold becomes the unit square 0 . x . 1, VOL. 19, 1933 O : y _ 1. If the dot in the symbol ... a-2a--l ao a, aa2 ... is moved one place to the right, the symbol becomes ... a-2 a-l aO * a, a2 Denoting the point which represents the first symbol by (x, y) and the point which represents the second symbol by (x', y'), we thus obtain a transformation T(P) of every point (x, y) into a corresponding point (x', y'). Analytically this transformation is defined by the equations'
If we exclude points which have at least one rational co6rdinate from the square, the transformation (T) becomes one-to-one and continuous. Let S be any measurable set of points of the unit square 0 . x _ 1, O < y < 1 which remains invariant under the transformation (T). It will be shown that then either mr(S) = 0 or mr(S) = 1, mr(S) denoting the superficial measure of S. 3. We introduce the function f(xo) which is equal to the linear measure of that part of S which lies on the segment x = xo, 0 . y < 1. The function f(xo) is defined and measurable on the whole interval 0 . x < 1 except perhaps on a set of measure zero.6 We have f(xo) = fi(xo) + f2(xo) + ... + fio(xo), We proceed to prove that the only bounded measurable solutions f(x) of the system of equations (3), when p is allowed to assume all posi-tive integral values, are functions which are constant in the interval 0 < x < 1 save perhaps for a set of measure zero. 7 We observe that if f(x) is a Riemann integrable function, on letting p become infinite, it follows at once from equation (3) that f(x) = Jf'f(t)dt. In order to prove this for the case that f(x) is bounded and measurable, let us define f(x) in the interval 1 < x < o by the relation f(x + n) = f(x), 0 . x _ 1, (n = 1, 2, . . . ), and consider the expressions Fp(t= 1 ,: f( n+ t), (p = 1, 2,...).
According to a theorem of T. J. Boks8 to any positive number e there corresponds a positive integer p(e) so large that I;" I Fp(t) -I I dt < 6, I = Jlf(t)dt, (5) as soon as p > p(e). We also know by (3) and (4) Since this inequality holds for all positive values of e, it follows that f(x) = I = fJolf(t)dt for all values of x save perhaps for a set of measure zero. 5. It will be shown now that f(x) is equal to either 0 or 1 for all values of x save perhaps for a set of measure zero. Let us assume that f(x) = c for almost all values of x, where 0 < c < 1. Consider a net N1, all of whose meshes are of equal length 10-1, fixed onto the unit square and therefore consisting of 102 equal squares. Next, take a net N2, all of whose meshes are of length 10-2, dividing each square of the net N1 in the same manner as N1 divides the unit square. Thus, N2 consists of 104 squares. The nth net N,, consists of 102n squares, each mesh being of length 10". Continuing this indefinitely, we obtain a system of nets {N,, }. The set of all those points that lie on the side of at least one net of the system I Nn } of nets is of superficial measure zero. The remaining points to the unit square, and hence all points of the invariant set S, have the property that to each point P there corresponds a unique sequence of squares S1(P), S2(P), * * . of the system { N. }, each one containing P in its interior such that their areas shrink to zero. By a theorem of Lebesgue the metrical densityg of the set S in all points of S is equal to 1 except perhaps in a set of superficial measure zero. Hence, ,+x m [SS(P) 1 for almost all points P of S. On the other hand, it is readily seen that the transformation (T), as well as its inverse and its iterates, carry every measurable set into a measurable set of equal superficial measure. Consider again the square S.(P).
By the nth iterated inverse (T-") of (T) the square Sn(P) is carried into a certain rectangle Rn(P) whose altitude is of length 1 and whose base is of length 10 2". Furthermore, by the remark made* above the set S.S5(P) goes over into a set 2n(P) of equal measure. Hence, m[Edn(P) ] m[S*Sn(P)] 
Hence, it is evident that on comparing equations (7), (8) and (9) the assumption that 0 < c < 1 leads to a contradiction. Consequently, c = 0 or c = 1.
Finally, since f(xo) was defined as the linear measure of that part of the invariant set S which lies on the segment x = xo, 0 _ y < 1, by Fubini's theorem the superficial measure of S is either 0 or 1.
